Purely gravitational pp-waves in AdS backgrounds are described by the generalised Kaigorodov metrics, and they preserve 1 4 of the maximum supersymmetry allowed by the AdS spacetimes. We construct pp-waves in gauged AdS supergravities supported by a field strength. We find that the solutions in D = 4 and D = 5 can then preserve 1 2 of the supersymmetry. Like those in ungauged supergravities, the supernumerary supersymmetry imposes additional constraints on the harmonic function associated with the pp-waves.
Introduction
Maximally supersymmetric pp-waves of type IIB [1] and M-theory [2] provide simple but non-trivial backgrounds for studying [3] the AdS/CFT correspondence [4, 5, 6] , since string theory on such a background becomes massive and exact solvable [7] . These solutions can also be obtained from the Penrose limit of AdS×sphere backgrounds of the corresponding theories, and thus are supported by form field strengths instead of being purely gravitational. A large class of pp-waves supported by field strengths in M-theory and type IIB supergravities were studied in [8, 9, 10] . These solutions in general have 16 "standard" Killing spinors, that is half of the maximum supersymmetry. For appropriate choices of field strengths and integration constants, supernumerary Killing spinors beyond the 16 standard ones could also arise [8, 9, 10, 11, 12] . These include all of those from the Penrose limit of AdS×sphere arising from non-dilatonic p-branes and/or intersecting p-branes, and of AdS×sphere ×sphere, arising from non-standard brane intersections [13] .
It is natural to study the pp-waves in AdS background. The effect of introducing a pp-wave can be viewed as performing an infinite boost on the boundary conformal field theory [14, 15] . The purely gravitational pp-wave in AdS 4 was constructed in the 1960s, and has been known as the Kaigorodov metric [16] . Higher dimensional generalisations, namely the purely gravitational pp-waves in higher AdS spacetimes were obtained in [14] .
These metrics preserve 1 4 of the supersymmetry, consisting with the fact that in the dual conformal field theory, the original supersymmetry as well as the superconformal symmetry are broken by the boost [14] .
In this paper, we construct pp-waves in AdS gauged supergravities that are not purely gravitational like Kaigorodov metrics, but supported in addition by a field strength of the theories as well. We show by explicit construction that supernumerary supersymmetry can arise with appropriately chosen field strength and integration constants in D = 4 and D = 5.
The new solutions preserve 1 2 of the supersymmetry, double the number of standard Killing spinors associated with the general pp-wave solutions including the Kaigorodov metric.
The arising of the supernumerary supersymmetry provides novel features of supersymmetry enhancement for the dual conformal field theories in the infinite-momentum frame.
The paper is organised as follows. In section 2, we obtain pp-waves in D = 4, N = 2 Einstein-Maxwell gauged supergravity supported by the Maxwell field. We obtain explicit supernumerary Killing spinors as well as the standard Killing spinors. In section 3, we obtain the analogous solutions in D = 5 N = 2 Einstein-Maxwell gauged supergravity.
We show that supernumerary Killing spinors also arise in this case. In section 4, we obtain U (1)-charged pp-wave solutions to minimal AdS gauged supergravities in D = 6 and D = 7.
In these two cases, the solutions have only standard Killing spinors but no supernumerary ones. We conclude our paper in section 5. In appendix A, we uplift our solutions to M/string theories. In appendix B, we present a general class of pp-waves supported by an n-form field strength in a D-dimensional AdS gravity theory.
2 PP-waves in D = 4 gauged supergravity
The solution
We start with gauged N = 2 Einstein-Maxwell AdS supergravity, whose Lagrangian for the bosonic sector is given by
The supersymmetry transformation rule for the complex gravitino
We consider the following pp-wave ansatz
where the function H depends on z and ρ coordinates. It is natural to choose the following vielbein basis e + = e gρ dx + , e − = e gρ (−2dx − + 1 2 H dx + ) , e z = e gρ dz , e ρ = dρ ,
such that we have ds 2 = 2e + e − + e z e z + e ρ e ρ . In this tangent basis, the spin connections are given by
Here, a prime denotes a derivative with respect to ρ and a dot denotes a derivative with respect to z. Note that for the metric in this basis we have η +− = 1 and η ++ = η −− = 0 .
The field strength F (2) = dA (1) in the vielbein basis is given by F (2) = −µ e −2gρ (e + ∧ e ρ ) .
It is straightforward to verify that the equation of motion d * F (2) = 0 for the gauge potential A (1) is satisfied. The Einstein equations of motion imply that H satisfies
Here is the Laplacian for the space of z and ρ only. In other words, we have
The solution is given by
where c and c 1 are integration constants and H 0 satisfies H 0 = 0. (Note that the terms associated with c and c 1 actually belong to H 0 . We extract them since they are necessary for the solution to reduce under g → 0 to the pp-wave that is the Penrose limit of AdS 2 × S 2 of the corresponding ungauged theory.)
If we turn off the field strength by setting µ = 0, and let H 0 depend only on ρ, namely
, then we recover the Kaigorodov metric.
Standard supersymmetry
As mentioned in the introduction the Kaigorodov solution in D = 4 and its generalisations to higher dimensions preserve 1 4 of the supersymmetry. Here we investigate the supersymmetry of the "charged" pp-wave we derived. The Killing spinor equations in this background are given by
where we have Γ 2 + = Γ 2 − = 0 and {Γ + , Γ − } = 2. The parentheses of the indices in the partial differential operator indicate that these are curved indices, differing from the flat indices appearing in the spin connections and the gamma matrices. Imposing the following
the Killing spinor equations become
Thus the Killing spinor is given by
where ǫ 0 is a constant spinor satisfying (1 + Γ ρ )ǫ 0 = 0 and Γ − ǫ 0 = 0. The solution therefore preserves 1 4 of the supersymmetry. We follow the literature [8, 9] and call these spinors the standard Killing spinors, since there is no further requirement on the function H for the existence of the ǫ, as long as H satisfies the equation of motion (7).
Supernumerary supersymmetry
When the integration constants of H satisfy further conditions, there can arise additional Killing spinors, which are called supernumerary Killing spinors in [8, 9] . In order to obtain these Killing spinors, we consider the integrability conditions [∂ M , ∂ N ]ǫ = 0. We find that
To arrive at these expressions we made use of equation (7) for H and setḢ ′ = 0. It is clear that the integrability conditions are satisfied with the projections given in (10) . However, we now show that it is possible to relax these projections. In order to do so, we first need to set H 0 = 0 where H 0 is given by (8) . We find that the integrability conditions can also be satisfied, with the following less restrictive projection
where f is a function of ρ only, given by
The constant c above is the same as that appearing in (8) .
Substituting these into the original Killing spinor equations (9), we have
The integrability conditions for these equations are
which are satisfied provided that c 1 = −2c 2 . This non-linear relation implies that there is no supernumerary supersymmetry for the purely gravitational solution with µ = 0, except for the trivial case of H being a constant, corresponding to the AdS spacetime.
To obtain the Killing spinor explicitly, we note that the third equation in (16) implies
. Substituting this into the fourth equation yields the solution χ = e
The equation for η can be obtained from the first equation of (16), and we have
Note that it requires conspiracy for the z and ρ dependent terms to drop out. Finally, we arrive at the Killing spinor, given by
where ǫ 0 is a constant spinor, satisfying the projection
Thus after imposing the condition c 1 = −2c 2 , the solution has 1 2 of the supersymmetry instead of the 1 4 for a generic pp-wave solution. The standard Killing spinors are those with an additional projection Γ − ǫ 0 = 0, in which case, ǫ of (19) becomes that in (12) . The supernumerary Killing spinors are the remaining half with Γ − ǫ 0 = 0.
The function H, for the pp-wave with supernumerary supersymmetry, is given by
. We can then take the g → 0 limit and obtain a pp-wave in ungauged D = 4, N = 2 Einstein Maxwell supergravity. The solution is given by
This is precisely the pp-wave arising from the Penrose limit of AdS 2 × S 2 , which is known to have supernumerary supersymmetries [8, 9] .
Note that in the ansatz (3), we could instead have used A (1) = µz dx + . The metric in this case is identical to that with A (1) given in (3) . However, we verified that the solution would be non-supersymmetric, because of the explicit A (1) dependence in the supersymmetry transformation rule.
Charged pp-waves with c 1 = 0 were also obtained in [19] , by performing an infinite boost of the AdS charged black holes. It can be deduced from the above analysis that the solution with c 1 = 0 has only the standard supersymmetry, unless c is also zero, in which case the conditions (17) are trivially satisfied, and 1 2 of the supersymmetry is preserved.
3 PP-waves in D = 5 gauged supergravity
The solution
For simplicity, we consider simple gauged supergravity in D = 5. The Lagrangian for the bosonic sector is given by [20] 
Analogous to the D = 4 discussion, we use the following pp-wave ansatz
The supergravity equations of motion then reduce to the following
where H 0 = 0. The generalised Kaigorodov-type metric is obtained by setting µ = 0 and
Supersymmetry
The supersymmetry transformation on the gravitino is given by
where ǫ is a complex symplectic spinor. For our pp-wave background, the Killing spinor equations are given by
As in the case of D = 4, the standard Killing spinors, which exist for all H satisfying (26), arise with the following projections (1+ Γ ρ )ǫ = 0 and Γ − ǫ = 0. The Killing spinor equations become
Thus, the generic pp-waves we considered preserve 1 4 of the standard supersymmetry. In [21] , a general class of null solutions with 1 4 of the supersymmetry were obtained, however the issue of supernumerary supersymmetry was not addressed. We demonstrate below that, as in the case of D = 4, supernumerary Killing spinors can also arise.
To obtain the supernumerary Killing spinor and the corresponding conditions on H, it is helpful to study the integrability conditions for the Killing spinor equations. We find that c 1 = c 2 and the projection can again be reduced to (14) , but with f now given by
Implementing the projection on the Killing spinor equations (29) we obtain
The integrability conditions between these Killing spinor equations vanish if we set c 1 = c 2 = −6c 2 . Following the same strategy of D = 4, we obtain the explicit Killing spinor, given by
where ǫ 0 is a constant spinor satisfying (1 + Γ ρ )ǫ 0 = 0 . Thus the solution preserves half of the supersymmetry. Among all the Killing spinors, the standard ones are those with Γ − ǫ 0 = 0, whilst the remaining half with Γ − ǫ 0 = 0 are the supernumerary ones.
The function H for the pp-waves with supernumerary supersymmetry is given by
If we further let c = 1 6 , we have H = − 1 12 µ 2 (z 2 1 + z 2 2 + 4g −2 sinh 2 (gρ) e −4gρ ). This enables us to take the limit g → 0, giving rise to a pp-wave in the corresponding ungauged D = 5 supergravity, given by
This pp-wave can also arise from the Penrose limit of AdS 3 × S 2 or AdS 2 × S 3 , which have supernumerary supersymmetries.
4 PP-waves in D = 6 and D = 7
D = 6
Our next example is in the Romans six-dimensional gauged N = (1, 1) supergravity [22] .
The bosonic field content comprises the metric, a dilaton φ, a 2-form potential, a U (1) potential and the gauge potentials A i (1) of SU (2) Yang-Mills. The Lagrangian describing the bosonic sector is [23] 1) . The fermions of this theory comprise symplectic-Majorana gravitinos Ψ M i and dilatinos λ i where i = 1, 2 is an SP (1) index. The supersymmetry transformations are [24] 
The gauge covariant derivative is defined as
and σ a are the usual Pauli matrices.
In this paper, we consider pp-wave solutions supported by only one field strength. Owing to the Chern-Simons modifications to various field strengths, we find that this can only be done with a U (1) vector field coming from the SU (2) Yang-Mills. Thus we set all the rest of form fields to zero, and also without loss of generality (while insisting on AdS background) setting g 1 = g 2 = 3g/ √ 2. This leads to the pp-wave ansatz
The equations of motion reduce to
and the solution for H is given by
where H 0 = 0.
We now investigate the supersymmetry of the pp-waves. This is more conveniently done if we rewrite the symplectic Majorana spinors using a Dirac notation. (See [25] for details.)
The Killing spinor equations from the gravitino transformation rule are given by
We have analysed the integrability conditions for the above equations, and in particular, we present the following subset
It follows from these conditions that there is no supernumerary supersymmetry. This is expected, since in ungauged D = 6, N = (1, 1) supergravity, the pp-waves supported by a 2-form field strength also have no supernumerary supersymmetry. The solution does have standard supersymmetry though. The Killing spinor is given by
where (Γ ρ +1) ǫ 0 = 0 = Γ − ǫ 0 . It is easy to verify that the Killing spinor equations associated with both the gravitino and dilatino transformation rules are satisified. Thus the solution preserves 1 4 of the supersymmetry.
D = 7
The Lagrangian for the bosonic sector of half-maximum supergravity in seven dimensions [26] can be written as follows [27] 1) . In addition there is a "self-duality" condition that must be imposed, given by
where ω (3) is defined as 1) . This theory has a pair of symplectic-Majorana gravitinos ψ M i and a pair of dilatinos λ i , where i = 1, 2 is an SP (1) index. The fermionic supersymmetry transformations are given by [24] 
Owing to the odd-dimensional self-duality condition for the A (3) , our standard ansatz for the pp-wave metric does not work for A (3) . We thus consider the pp-wave supported only by the U (1) subsector of the SU (2) Yang-Mills. The pp-wave solution is given by
where H satisfies
Here we have set g 1 = g 2 = 2 √ 2 g. The function H can be solved, given by
with H 0 = 0.
The Killing spinor equations are given by
The integrability conditions
imply that there is no supernumerary Killing spinors in this case. This should be expected since in D = 7, even in ungauged supergravities, there is no pp-wave supported by a 2form field strength that has supernumerary supersymmetry. The solution does have 1 4 of standard supersymmetry, with the Killing spinor given by
where (Γ ρ + 1)ǫ 0 = 0 = Γ − ǫ 0 .
Conclusions
In this paper, we have constructed U (1)-charged pp-wave solutions in AdS gauged supergravities in 4 ≤ D ≤ 7 dimensions. Generically these solutions preserve 1 4 of the supersymmetry. In D = 4 and D = 5, with an appropriate choice for the integration constants, we have shown that supernumerary supersymmetry can arise so that the solutions instead preserve 1 2 of the supersymmetry. These solutions can take a limit to become the pp-waves that is the Penrose limit of AdS×sphere of the corresponding ungauged supergravities. In D = 6 and D = 7, we find that there can be no supernumerary supersymmetry for the U (1)-charged pp-waves.
The introduction of a pp-wave in the AdS background can be viewed as performing an infinite boost in the strong coupled dual conformal field theory with a finite momentum density. The non-vanishing momentum breaks the original supersymmetry and superconformal symmetry, and hence the supersymmetry is now 1 4 of the unboosted theory. We have shown in the supergravity side that the supersymmetry can be doubled when the pp-wave is U (1) charged, corresponding to an R-charge in the dual field theory. This indicates a novel supersymmetry enhancement associated with the R-charges in the dual three and four dimensional field theories. It is of interest to discover such a phenomenon in the dual quantum field theory in the infinite momentum frame.
APPENDICES A Uplifting to M/String theory
In this appendix we uplift our supersymmetric solutions to ten and eleven dimensions. The four and seven dimensional solutions are embedded in M-theory and the solutions in D = 5 and D = 6 are uplifted to type-IIB supergravity and to Romans massive theory respectively.
A.1 D = 4 oxidised to D = 11
The embedding formulae to eleven dimensions were obtained in [28] or we can also use the ansatz in [29] after truncating to our case. We obtain
where σ i are the three left-invariant 1-forms on S 3 satisfying dσ i = − 1 2 ǫ ijk σ j ∧ σ k . They are given by σ 1 + iσ 2 = e −iψ (dθ + i sin θ dϕ), σ 3 = dψ + cos θ dϕ in terms of the Euler angles.
Theσ i are left-invariant 1-forms on a second S 3 . We have also defined c ≡ cos ξ , s ≡ sin ξ ,
A.2 D = 5 oxidised to type IIB Using the uplifting formulae to type IIB in [28, 30] we obtain for the metric
and for the 5-form field strength F (5) = G (5) + * G (5) ,
The µ i are parameterised as
in terms of the angles on a 2-sphere.
A.3 D = 6 oxidised to Romans massive theory
The bosonic sector of Romans massive theory [31] is described by the Lagrangian
where the field strengths are defined aŝ
Note that the Bianchi identities in this theory are given by
Using the embedding formulae obtained in [23] we can lift our six dimensional solution to a solution of the above theory. It is given by (with m = g) dŝ 2 10 = s 
where ds 2 6 is given by (38,40) and s, c, ǫ (3) and σ i have the same definition as before and h 3 = σ 3 − 1 √ 2 µ(1 − e −3gρ ).
A.4 D = 7 oxidised to D = 11
Using the embedding ansatz in [27] we obtain dŝ 11 = ds 2 7 + 1 4 g −2 dξ 2 + 1 16 g −2 c 2 (σ 2 where ds 2 7 is given by (47,49). The field strengthF (4) = dÂ 
where s, c, ǫ (3) and σ i have the same definition as before and h 3 = σ 3 − 1
√ B A general class of pp-waves
In this appendix we present the AdS pp-waves supported by an arbitrary n-form field strength in any dimensions D. The Lagrangian for such a system is given by
where the field strength is defined as F (n) = dA (n−1) . Our pp-wave ansatz is
The field strength and its dual are 
This solution is not valid for D = 2n − 1 or D = 2n + 1 which have to be considered separately. We find that H(D = 2n + 1, ρ, z i ) = a + be −2ngρ + e −2gρ 4g 2 (n − 1)
− µ 2 2 4g 2 (n + 1) e −2(n+1)gρ + 1 2
and that H(D = 2n − 1) can be obtained from that of H(D = 2n + 1) by making the substitution n → n − 1 and µ 1 ←→ µ 2 .
(This substitution is not performed on the field strength.)
